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THE STRONG CONVEX COMPACTNESS PROPERTY AND
C0-SEMIGROUPS ON SOME HEREDITARILY INDECOMPOSABLE

BANACH SPACES

ABDELKADER DEHICI

ABSTRACT. In this paper, we study the strong convex compactness property
on the hereditarily indecomposable Banach spaces denoted respectively byXGM
andXAM constructed by T. Gowers and B. Maurey (1993) and Argyros-Motakis
(2014). We prove in particular that the Bochner integral of afamily of strictly
singular operators is a strictly singular operator. Also, some properties ofC0-
semigroups defined on these Banach spaces are given.

1. INTRODUCTION

It is known that the space of compact linear operators between Banach spacesX
andY (denoted byK (X,Y)) is not complete for the strong operator topology de-
fined onL(X,Y) (the space of all bounded linear operators fromX into Y). How-
ever, this norm-closed subspace has a completeness property namely the strong
convex compactness property. The first author who has introduced this notion is
L. Weis (1988) [26], in order to study the time asymptotic behavior of solutions
for neutronic transport equations (see [20]). Notice that there exists other norm-
closed subspaces ofL(X,Y) which have this property, but not all of them [25].
Banach spaces on which the strong convex compactness property was studied have
sufficiently rich structures, in other words, having unconditional basis or at least
lattice structures (for exampleX = Lp(µ)(1< p< ∞)) or they posses norm-closed
subspaces with these properties (for exampleX = L1(µ) or X =C(K), K compact).
Since the contributions of T. Gowers and B. Maurey (1993) solving the uncondi-
tional basic sequence problem (see [14]), another categoryof Banach spaces was
discovered, giving a dichotomy to the structure of Banach spaces (see [13]). It
was shown that the space of Gowers-MaureyXGM is a hereditarily indecompos-
able Banach space (H.I), i.e., no infinite dimensional norm-closed subspace of it
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can be decomposed into a direct sum of two further infinite dimensional norm-
closed subspaces. Moreover, every bounded linear operatoronXGM can be written
under the formλI +S, whereλ ∈ C andS is a strictly singular operator. In [2],
the authors showed that the ideal of strictly singular operators onXGM contains
strictly the class of compact operators by constructing a strictly singular operator
which is not compact onXGM. In (2007), A. Dehici [8] proved that this operator is
quasinilpotent (its spectrum is reduced to the set{0}). Recall that on some Banach
spaces, certain products of strictly singular operators are compact [1]. However,
in [2], the authors conjectured that onXGM, we can construct a strictly singular
operator such that all of its powers are not compact. Expertsin geometry of Ba-
nach spaces asked the following question: Does there exist aBanach spaceX such
that every bounded linear operator onX can be written under the formλI +K,
whereλ ∈ C andK is compact operator? It took fifteen years after the works of T.
Gowers and B. Maurey to solve this open complicated problem.Indeed, in [4], the
authors were able to construct a non reflexive hereditarily indecomposable Banach
spaceXAH having this property, giving in particular a positive answer to the invari-
ant subspace problem, since on this space, every bounded linear operator which is
not scalar-identity is compact or commutes with a non-zero compact operator [18].
The idea of the construction of the spaceXAH is a combination of HI techniques
and the Bourgain-Delbaen construction [7]. After this, Argyros-Motakis [5] have
constructed a reflexive HI Banach space denoted byXAM having also a solution to
the invariant subspace problem and strictly singular operators on this spaces are not
necessarily compact but have compact powers, however the idea of its construction
is different from that of the spaceXGM.

Definition 1.1. An operatorS∈ L(X,Y) is said to be strictly singular if for every
infinite dimensionalnorm-closed subspaceM of X, the restriction ofS to M is not
an isomorphism.

Let S(X,Y) denote the set of strictly singular operators fromX into Y. It is well
known thatS(X,Y) is a norm-closed subspace ofL(X,Y) containingK (X,Y). For
other properties of strictly singular properties we refer to [15].
The properties enjoyed by the spaceXAM indicated in the end of our introduction
are given in the following theorem:

Theorem 1.2. (see[5]) Banach space XAM has a Schauder basis with the following
other properties:

(ı): The space XAM is hereditarily indecomposable,
(ıı): For every Y infinite dimensional norm-closed subspace of XAM and every

T ∈ L(Y,XAM),T = λIY,XAM +S with S strictly singular,
(ııı): For every norm-closed infinite dimensional subspace Y of XAM, the

ideal S(Y) of the strictly singular operators is non separable,
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(ıv): For every norm-closed infinite dimensional subspace Y of XAM and ev-
ery T1,T2,T3 ∈ S(Y) the operator T1T2T3 is compact,

(v): For every norm-closed infinite dimensional subspace Y of XAM and every
T ∈ L(Y), T admits a non-trivial norm-closed invariant subspace.

Remark1.3. By takingY = X in the assertion(ıı), we obtain that for everyA ∈
L(XAM), there existsλ such thatA = λI +S whereS is strictly singular onXAM.
This shows that every bounded linear operator onXAM, or it’s a Fredholm operator
(with index 0) or is a strictly singular operator. Notice that this property is satisfied
also for the case of bounded linear operators defined onXGM as was indicated in
the introduction.

Definition 1.4. Let E be a closed (with respect to the operator norm topology)
subspace ofL(X,Y). E is said to be have the strong convex compactness property
if the following holds: for any finite measure space(Ω,Σ,µ) and any bounded
functionU : Ω −→ E which is strongly measurable (i.e., U(.)x is measurable for

all x∈ X), the strong integral
∫

Ω
U(ω)dµ (which is an element ofL(X,Y)) defined

by ∫
Ω

Udµx=
∫

Ω
U(ω)xdµ(ω),x ∈ X

belongs toE.

Example 1.5. The following norm-closed subspaces have the strong convexcom-
pactness property

(1) The spaceK (X,Y) of compact linear operators [25, 26].
(2) The spaceV (X,Y) of completely continuous operators [25].
(3) The spaceW (X,Y) of weakly compact linear operators [24].
(4) The spaceU(X,Y) of unconditionally summing operators,{T ∈ L(X,Y)

for all sequences(xn)⊂ X such that∑
n
|< xn,x

⋆ > |< ∞ for all x⋆ ∈ X⋆,

the series∑
n

T(xn)is convergent} [25].

(5) The space of Dieudonné operators,{T ∈ L(X,Y); for all weak Cauchy
sequences(xn)⊂ X, the sequenceT(xn) is weakly convergent} [25].

(6) The spaceS(X) of strictly singular linear operators, ifX = Y = Lp(µ),
1≤ p≤ ∞ [26],

Let X,Y be two complex Banach spaces and letA∈ L(X,Y), we define a measure
of noncompactness ofA by

‖A‖m = inf{‖A|M‖,M norm-closed subspace ofX with finite codimension}
It is shown [16] that‖.‖m is a seminorm onL(X,Y) with the following property

‖A‖m = 0 if and only ifA is compact.

Remark1.6. Let X,Y be two Banach spaces and letπ the canonical homomor-
phism of L(X,Y) into L(X,Y)/K (X,Y). Thus, for allA ∈ L(X,Y), we have
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‖A‖m ≤ ‖π(A)‖ but that in general these two seminorms are not equivalent (see,
for example, Proposition 2.1 in [17]).

In the following theorem, we mention some estimates satisfied by the measure of
noncompactness of strong integrals.

Theorem 1.7. (see[10, 26]) Let X,Y be two Banach spaces,(Ω,µ) be a finite
measure space and

U : Ω −→ L(X,Y) be bounded and strongly measurable

(ı) : If X⋆ is separable, then
ω ∈ Ω −→ ‖U(ω)‖m is measurable

and
‖
∫

Ω
U(ω)dµ(ω)‖m ≤

∫
Ω
‖U(ω)‖mdµ(ω) (1.1)

(ıı): If X is separable, then

‖

∫
Ω

U(ω)dµ(ω)‖m ≤ 2
∫

Ω
‖U(ω)‖mdµ(ω) (1.2)

(ııı): In general, we have

‖
∫

Ω
U(ω)dµ(ω)‖m ≤ 4

∫
Ω
‖U(ω)‖mdµ(ω) (1.3)

where
∫

Ω is the upper integral.

Notice that the strong convex compactness property ofK (X,Y) is an immediate
consequence of the inequality(1.1) by taking‖U(ω)‖m equals to 0.
In this work, we study the strong convex compactness property on the Banach
spacesXGM andXAM for E = the ideal of strictly singular operators onXGM and
XAM. This property will arise from a general inequality involving a convenable
seminorms defined on these spaces. Moreover, we will give some properties of
C0-semigroups on them and we end this work by some interesting questions.

2. STRONG CONVEX COMPACTNESS PROPERTY FOR THE IDEAL OF STRICTLY

SINGULAR OPERATORS ONXGM AND XAM

In this section, we establish our fundamental results in this work by proving
the strong convex compactness property for the ideal of strictly singular operators
on XGM andXAM. The idea is based on some characterization of these operators
by means of a convenable seminorms using the sequences of almost successive
vectors and spreading models.
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2.1. The case of the spaceXGM. Given two subsetsE1,E2 ⊂ N, we say thatE1 <
E2 if maxE1 < minE2. An interval of integers is a set of the form{n,n+1, ...,m}.
Let y∈ XGM andn≥ 1, the positive scalar‖y‖(n) is defined by

‖y‖(n) = sup
n

∑
i=1

‖Eiy‖

where the sup is extended to all familiesE1 < E2...... < En of successive intervals
(for more details, see [14]). It is known that a seminorm may be defined as follows
(see page 68 in [19]):
Let HXGM be the set of sequences(xn)n of almost successive vectors inXGM such
that limsup‖xn‖(n) ≤ 1. LetT ∈ L(XGM), we define|||T|||GM by

|||T|||GM = sup
x=(xn)∈HXGM

limsup‖T(xn)‖

Proposition 2.1. For everyT ∈ L(XGM), the following assertions are equivalent:

(ı): T is strictly singular,
(ıı): |||T|||GM = 0.

Proof. For the case(ıı) implies (ı) (see [19], Lemma 11.2, p. 68). Now, ifT is
strictly singular, then there existsλ ∈ C such that|||T −λI |||GM = 0 (see [19], p.
81 (the construction of H.I space)), which gives by the first implication thatT−λI
is strictly singular, but ifλ 6= 0, it follows thatT is a Fredholm operator, which is
a contradiction, hence we get necessarily thatλ = 0 and consequently, we obtain
|||T|||GM = 0 which gives the second implication and achieves the proof. �

Theorem 2.2.Let(Ω,µ) be a finite measure space and w∈Ω−→U(ω)∈L(XGM)
be a strongly integrable function, i.e.,

Ũx=
∫

Ω
U(ω)xdµ(ω)

exists for all x∈ XGM as a Bochner integral and∫
Ω
||U(ω)||dµ(ω) < ∞

If the functionω ∈ Ω −→ |||U(ω)|||GM is measurable, then

|||Ũ |||GM ≤

∫
Ω
|||U(ω)|||GMdµ(ω) (2.1)

Proof. We have by definition

|||Ũ |||GM = sup
x=(xn)∈HXGM

limsup‖
∫

Ω
U(ω)xndµ(ω)‖

A classical inequality satisfied by the norm gives that

sup
x=(xn)∈HXGM

limsup‖
∫

Ω
U(ω)xndµ(ω)‖ ≤ sup

x=(xn)∈HXGM

limsup
∫

Ω
‖U(ω)xn‖dµ(ω)

On the other hand, the functionsw∈ Ω −→ ‖U(ω)(xn)‖ are measurable. The fact
that ∫

Ω
||U(ω)||dµ(ω) < ∞
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leads (by using the Lebesgue’s convergence theorem) to obtain that

limsup
∫

Ω
‖U(ω)xn‖dµ(ω) ≤

∫
Ω

limsup‖U(ω)xn‖dµ(ω)
Hence

limsup
∫

Ω
‖U(ω)xn‖dµ(ω) ≤

∫
Ω

sup
x=(xn)∈HXGM

limsup‖U(ω)xn‖dµ(ω)

=
∫

Ω
|||U(ω)|||GMdµ(ω)

This gives that

|||Ũ |||GM ≤

∫
Ω

sup
x=(xn)∈HXGM

limsup‖U(ω)xn‖dµ(ω)

=
∫

Ω
|||U(ω)|||GMdµ(ω)

and achieves the proof. �

As an immediate consequence of Theorem 2.2, we have

Corollary 2.3. Let (Ω,µ) be a finite measure space andw∈Ω−→U(ω)∈L(XGM)
be a strongly integrable function, i.e.,

Ũx=
∫

Ω
U(ω)xdµ(ω)

exists for allx∈ XGM as a Bochner integral and∫
Ω
||U(ω)||dµ(ω) < ∞

If the functionω ∈ Ω −→ |||U(ω)|||GM is measurable, then
if U(ω) is strictly singular for almost everyω ∈ Ω on XGM, thenŨ is strictly sin-
gular.

2.2. The case of the spaceXAM. Let X be a Banach space and let(yi)i be a semi-
normalized basic sequence inX and (εn) a decreasing sequence of positive real
numbers. It is known (see [6]) that there exists a subsequence (xi) of (yi) and
a seminormalized basic sequence(x̃i)i (in other Banach space) such that for all
n∈ N,(ai)

n
i=1 ∈ [−1,1]n andn≤ k1 < ..... < kn, one has

|‖
n

∑
i=1

aixki‖−‖
n

∑
i=1

ai x̃i‖|< εn.

The sequence(x̃i) is called the spreading model of(xi) and it is said that(xi) gen-
erates(x̃i) as a spreading model. Spreading models of weakly null seminormalized
basic sequences have been studied by [3].

Lemma 2.4. (see[5]) Every seminormalized weakly null sequence{xn}n has a
subsequence generating either l1 or c0 as a spreading model. Moreover, every
infinite dimensional subspace Y of XAM admits both l1 and c0 as spreading models.
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The following proposition gives a characterization of strictly singular operators on
the space of Argyros-MotakisXAM.

Proposition 2.5. (see[5], Proposition 5.7) Let Y be an infinite dimensional norm-
closed subspace of XAM and T : Y −→ XAM be a linear bounded operator. Then the
following assertions are equivalent:

(ı): T is not strictly singular,
(ıı): There exists a basic sequence(xk)k∈N in Y generating a c0 spreading

model such that(T(xk))k∈N is not norm convergent to 0.

Let MXAM be the set of basic sequences(xn)
∞
n=1 generatingc0 models inXAM. Now,

givenT ∈ L(XAM) and let
|||T|||AM = sup

x=(xn)∈MXAM

limsup‖T(xn)‖

Our first result in this subsection is the following:

Proposition 2.6. |||T|||AM is a seminorm onXAM satisfying that|||T|||AM = 0 if
and only ifT is strictly singular.

Proof. Let T be strictly singular and assume that|||T|||AM 6= 0. By the definition
given above, there exists a basic sequence(yn)n generating ac0 spreading model
in XAM such that limsup‖T(yn)‖

.
= l 6= 0, thus(yn)n has a subsequence(ynk)k gen-

erating ac0 spreading model (see [5]) for which‖T(ynk)k)‖9 0 which contradicts
the fact thatT is strictly singular (see Proposition 2.5). Conversely, if|||T|||AM = 0,
then limsup‖T(yn)‖

.
= 0 for all basic sequence(yn)

∞
n=1 generating ac0 spreading

model inXAM which implies that‖T(yn)‖ −→ 0. Again by using Proposition 2.5,
we get thatT is strictly singular which achieves the proof. �

By the same techniques given in the proofs of the case of the Banach spaceXGM,
we can obtain the following results:

Theorem 2.7.Let(Ω,µ) be a finite measure space and w∈Ω −→U(ω)∈L(XAM)
be a strongly integrable function, i.e.,

Ũx=
∫

Ω
U(ω)xdµ(ω)

exists for all x∈ XAM as a Bochner integral and∫
Ω
||U(ω)||dµ(ω) < ∞

If the functionω ∈ Ω −→ |||U(ω)|||AM is measurable, then

|||Ũ |||AM ≤

∫
Ω
|||U(ω)|||AMdµ(ω) (2.2)

Corollary 2.8. Let(Ω,µ) be a finite measure space and w∈Ω−→U(ω)∈L(XAM)
be a strongly integrable function, i.e.,

Ũx=
∫

Ω
U(ω)xdµ(ω)

exists for exists for all x∈ XAM as a Bochner integral and
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∫
Ω
||U(ω)||dµ(ω) < ∞

If the functionω ∈ Ω −→ |||U(ω)|||AM is measurable, then if U(ω) is strictly sin-
gular for almost everyω ∈ Ω on XAM, thenŨ is strictly singular.

3. C0-SEMIGROUPS ONXGM AND XAM

In this section, we give a characterization together with some properties ofC0-
semigroups defined onXAM andXGM. First of all, we start by giving some basic
notions concerningC0-semigroups which will be used in the following.

Definition 3.1. Let X be a Banach space. A family(U(t))t≥0 of bounded linear
operators fromX into X is a semigroup of bounded linear operators onX if

(ı): U(0) = I , (I is the identity operators onX),
(ıı): U(t +s) =U(t)U(s) for all t,s≥ 0,

Moreover, if
lim

t−→0
U(t)x= x for everyx∈ X

(U(t))t≥0 is called aC0-semigroup.

Definition 3.2. Let X be a Banach space and let(U(t))t≥0 be aC0-semigroup on
X with infinitesimal generatorT. We define the typeω of (U(t))t≥0 by

ω = lim
t−→∞

log
‖U(t)‖

t
.

The spectral bound ofT is given by
s(T) = sup

λ∈σ(T)
Reλ (whereσ(T) denotes the spectrum ofT).

It is known thats(T)≤ ω and the resolvent ofT denoted by(λ−T)−1 is given as
a Laplace transform of(U(t))t≥0 by the formula

(λ−T)−1 =

∫ ∞

0
e−λtU(t)dt; Reλ > ω.

For more details on the theory ofC0-semigroups on Banach spaces, we can quote
for example [21].

Theorem 3.3. Let (U(t))t≥0 be a C0-semigroup on XAM with infinitesimal genera-
tor T . Thus we have the following two cases:

(ı): T ∈ L(XAM),
(ıı): (λ−T)−1 is compact for allλ > s(T).

Proof. Let t0 > 0. We have two possible cases:

First case: U(t0) is a Fredholm operator, thus(U(t))t≥0 can be embedded into a
C0-group ofL(XAM) (see Lemma 1 in [12]). Now, the boundedness ofT follows
from Theorem 2.3 in [22].
Second case: U(t0) is strictly singular, then by Theorem 1.2(ıv), U(t0) = [U( t0

3 )]
3

is compact (hereU( t0
3 ) can not be a Fredholm operator since the composition of
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Fredholm operators is Fredholm). Thus, for allt0 > 0, U(t0) is compact onXAM.
On the other hand, the fact thatK (XAM) has the strict convex compactness property

shows that
∫ N

0
e−λtU(t)dt is compact for allN ≥ 1 andλ > ω. Hence taking the

limit in L(XAM), we get∫ N

0
e−λtU(t)dt −→

∫ ∞

0
e−λtU(t)dt = (λ−T)−1; λ > ω.

which implies that(λ−T)−1 is compact forλ > ω. The compactness forλ > s(T)
follows from analyticity argument which achieves the proof. �

By using the reflexivity of the spacesXGM andXAM together with Proposition 4.1
in [22], we can obtain the following result concerning the generators of uniformly
boundedC0-semigroups.

Corollary 3.4. Let T be the generator of a uniformly bounded C0-semigroup
(U(t))t≥0 on XGM or XAM. Then the following statements are equivalent.

(ı) : KerT is infinite dimensional,
(ıı): T is bounded and a finite rank operator.

Proposition 3.5. Let T be the generator of a uniformly bounded C0-semigroup
(U(t))t≥0 on XGM or XAM. Thenσ(T)

⋂
iR is a finite set.

Proof. Assume thatσ(T)
⋂

iR is infinite set. The first part in the proof of Proposi-
tion 4.2 in [22] gives thatT is bounded. On the other hand, the spectral mapping
theorem implies that fort close enough to 1, the bounded linear operatorU(t) has
an infinite eigenvalues on the unit circle{z∈C/|z|= 1}. Now by using Proposition
6.3 in [9], we get that for everyε > 0, the spaceXGM (resp. XAM) has a(1+ ε)-
unconditional basic sequence which is a contradiction. Hence the setσ(T)

⋂
iR

must be finite. �

Remark3.6. Notice that the two papers of F. Räbiger and W.J.Ricker [22,23] are
a pioneer works on the subject concerningC0-semigroups on hereditarily indecom-
posable Banach spaces, many of their results were improved and refined by [9].

4. SOME INTERESTING QUESTIONS

In finalizing this study, the first question that may come to our mind is the fol-
lowing:
Question 1:Is it true thatS(X,Y) has the strong convex compactness property for
every two Banach spacesX andY? otherwise, what are the structures of Banach
spaces such that this property holds?

Definition 4.1. Let X,Y be two Banach spaces and letF ∈ L(X,Y). F is called a
Fredholm perturbation ifU +F is a Fredholm operator wheneverU is a Fredholm
operator.
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The set of Fredholm perturbations is denoted byF (X,Y) and it was introduced
by [11]. In particular, it was shown thatF (X,Y) is a closed subspace ofL(X,Y)
containing the subspace of strictly singular operatorsS(X,Y).
The same question can be asked for the case of Fredholm perturbationsF (X,Y).
More precisely:
Question 2:Is it true thatF (X,Y) has the strong convex compactness property for
every two Banach spacesX andY? otherwise, what are the structures of Banach
spaces such that this property holds?
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